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One  Problem  of  B.  V.  Bedenko. 


D.  G.  Meyzler. 

1.  On  seminar  on  probability  theory,  for  t arget/parpose  of 
generalization  of  already  knovn  results  [1],  of  B.  7.  Bedenkos  was 
placed  problem:  to  find  class  of  aaxiaun  laws  of  naxiiaa  tern 
first  n froa  sequence  of  independent  differently  distributed  randoa 
variables  h-  Thi3  problem  has  direct  interest  for  statistics,  naaely 
- for  that  case  when  experimental  conditions  wary  and  the 
distribution  function  of  the  result  of  the  i observation  depends  on 
i.  Target/purpose  of  this  work  - to  give,  under  some  sufficiently 
general  conditions,  the  solution  recently  foraulated  problem. 


Let  us  note  that  the  obtained  by  us  results  are  found  in  close 
coaaunicat ion/connection  with  P.  Lewis's  results,  obtained  by  it  in 
response  to  the  question  of  A.  Ya.  Khinchin  concerning  aixiaua  laws 


i I 


Let  us  consiier  the  sequence  of  the  independent  rulsa 
quantities 

Sl»  -2*  • • • i S,|»  • • . 

of  subordinate  with  respect  to  the  laws  of  the  distribution 

f.W.  A(-) ru(x)... 

Let  us  assuae 

»ia=m'ix(?,,  S, ?,,)  n = 1,2,... 

The  distribution  function  of  naxiaua  tern  r„  is 

'■*  (v)  -•  V5 { V„  <x}~  (A ) • /•;  (.V) . . . Fn (.V). 

We  let  us  say,  that  the  law  of  distribution  </*(■*)  belongs  to  class 
G,  if  there  is  this  sequence  of  distribution  function  /'.(.)  and 
such  positive  nuabers  a,„  that 

n 

<T,(v)  = lim  >7  r.(c,,v)  (1) 

and  evenly  relative  to  *'  [!</<«) 

Im) 1 (2> 

for  all  x for  which  < 

Our  problea  Lies  in  the  fact  that,  finding  the  of  characteristic 

7 


sign/criterion  of  the  laws  of  class  G 


■ — 1 
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Por  :on»»ni»ice  in  the  formulation  of  the  proven  sign/criteria, 
let  us  introduce  the  following  designations: 

L 

•let  G+  it  designates  the  set  of  those  laws  of  class  G for 

tf>(0)=0^ 

whicfch-^  and  G - respectively  the  set  of  those  for  which  •!>( 0)=i. 

It  is  obvious,  classes  G+  and  G~  do  not  intersect,  and,  as 
subsequently  will  be  shown  (lenwa  4),  occurs  the  equality 

G+  + G~  - G. 

2.  In  the  present  work  are  denonstrated  following  thaorees: 

T 

$heorea  1.  Par  the  law  of  distribution  would  oalonging  to 
class  G+,  it  is  necessary  and  sufficient  so  that  for  any  i (0  < a < 1) 
there  would  b®  noi decreasing  function  ipa(x).  such  so  that  with  all  took 
place  the  equality 

0(x)=<r>^y<Pa(x).  (3) 

Theoree  2.  Por  the  law  of  distribution  would  belonging  to 
class  G~,  it  is  necessary  and  sufficient  so  that  for  any  « (0  < a < 
there  would  be  noi  decreasing  function  </>„(*),  such  so  that  with  all  took 
place  the  equality 

0(x)=0(«x)  ■ </)„(*)  (4) 
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and  so  that  the  Law  of  distribution  4>(x)  was  continuous  at  point  x = 

0. 


Theorem  3.  The  laws  of  the  distribution  <D(x)  of  class  G can  have 
the  quite  larger  one  point  of  discontinuity,  and,  if  x,  tiere  is  a 
point  of  discontinuity,  then 


e 

UAU 

Key:  (1).  or.  (2). 


m 

Xo  = 0 ' H «P(x)  = *(x) 


1 1 ^ . 


x<0, 

x>  0, 


•To  + 0.  <P(xo)  = 0 It  0(x)>o  jt-ffa  X > x0. 

with.  (3).  for.  (4).  C^riM.- 


Theoren  4.  Tie  laws  of  the  distribution  <p(x)  of  class  G do  not 
have  intervals  of  constancy  besides  those  in  which  they  are  converted 
in  0 or  1. 

Theoren  5.  If  for  the  sequence  of  the  laws  of  distrioution  <PH(x) 
class  G 

lim!Z>n(jf)  = ${x),  (5) 

n-»» 

where  <P(*)  is  a lav  of  distribution,  then  $(x)  belongs  also  to  class  G, 
and,  if  it  belongs  to  sub-class  g+  (respectively  <?“)» 

then,  beginning  with 

certain  n,  e ver yta ing  0„(x)  belong  to  sub-class  (respectively  G). 

In  other  words,  class  G,  just  as  each  of  the  sub-classes  g+  and  G~. 
they  will  close  relative  to  transition  to  liait. 
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Theorem  6.  If  the  law  of  distribution  belongs  to  class  47+ 

(respectively  G~),  then  the  law  of  the  distribution 

= 4)(ax-b) 

also  belongs  to  cLass  (respectively  where  a ani  b any 

positive  nuwbers  (moreover  b satisfies  condition  3>(-6)  = l). 

Page  69. 

For  the  formulation  of  one  additional  property  of  the  laws  of 
class  G,  is  necessary  the  following  observation.  Let  P(x)  any  law  of 
distribution,  continuous  in  point  x = 0 and  such,  that  F(x)  - 0 for  x 

jyiH  x <0, 

(D  . n ; (6> 

Ann  x>0, 

Key:  ( 1)  . for. 


< 0,  then 


there  is  also  the  law  of  distribution,  continuous  in  point  x = 0 ». 

Conversely,  if  F (x)  i_s  the  law  of  distribution,  continuous  in  point 
x=0  and  is  such  that  F (x)=l  for  x?  0,  then 

for  *«0, 

x)  for  x>0,  • • * 

is  also  a law  of  distribution,  continuous  in  the  point  x=(J*) 

FOOTNOTE*.  F (x)  can  and  not  be  the  law  of  distribution  during  the 
presence  of  discontinuity/interruption  in  point  x=0.  For  example 


I 


It  is  easy  to  note  that  F (x)  = F (x)  and,  therefore, 
transf ormations  (5)  and  (6»)  establish/install  one-to-one  conformity 
between  many  of  distribution  function  F(x)  , continuous  in  point  x = 
0,  which  satisfy  condition  P(x)  = 0 for  x < 0 and,  correspondingly, 

F (x) , that  satisfy  condition  F(x)  =1  for  x > 0. 

Let  us  agree  to  call  distribution  functions  F (x)  and  F(x) 
corresponding. 

Theorem  7.  If  the  law  of  distribution  $(*)  (<T>(x)±e(x))  belongs  to 
class  Ci  ri  then  corresponding  to  it  law  $(x)  belongs  to  class  6”. 
Conversely,  each  Law  of  distribution,  corresponding  for  certain  law 
of  class  6 i belongs  to  class  Ci4' ■ 

3.  Pcoof  of  theorems  will  be  based  on  B.  V.  Nadeio's  following 
lemma  [1],  which  we  will  give  without  proof: 

lemma  1.  Let  F„(x)  and  #(*)  will  be  distribution  functions, 
moreover  <fl(x ) is  its  own  law.  If  with  some  sequences  of  real  numbers 


w 
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««>0,  bn,  «„> 

occur  of  the  equality: 

(I)  lim  Fn  (a„x  + bn)=  $ (x) 

n-*  » 

lim  F„(«„x  + /?„)  = ®(x)< 

It-*  OD 

lim  --  = 1 h lim  ~ — = 0. 

n-+  oo  an  n~* 00 


A tb«y 


and 


(II) 


then 


(HI) 
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Conversely*  if  for  the  sequence  of  distribution  function  Fu  (x/ 
during  certain  selection  of  real  constants  a„>  0 and  b„  for  all  r 
occurs  equality  (I)*  where  &(x)  is  certain  nondecreasiug  f motion, 
then  for  any  two  sequences  of  the  real  numbers  «„> 0 and  Pn>  which 
satisfy  conditions  (III)*  for  all  x also  (II). 

In  order  subsequently  not  to  interrupt  the  presentation  of  the 
proofs  of  fundamental  theorems*  let  us  deaonstrate  preliminarily  a 
series  of  the  sinple  propositions: 


leana  2 (beiag  the  light/lung  transf orua tion  of  B.  7.  Kedenko's 
leaaa  3 [1]).  If  with  sole  a„>0it  occurs  (1)  and  (2),  aoceover  the 
law  of  distribution  #(*)  is  its  own*  then 


1. 


(7) 


- 
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/>*)  = ! for  (=1,2,...,  n, 


whence 


<]>(;)  = lira  2 jP’(al)  = 1, 

“ t=\ 


which  is  led  to  contradiction. 
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Pro*  another  side  it  is  sot  difficult  to  show  that  if  for 
certain  sequence  of  numbers  aR>0  it  occurs  (7)  , then  niny  liait 
points  of  this  sequence  or  consist  of  one  (its  own  or  iaproper)  liait 
point,  or  everywhare  dense  (in  the  finite  or  infinite  interval). 


This  observation,  together  with  that  which  was  deaonstrated, 
shows  the  validity  of  our  leaaa. 


Leaaa  4.  If  with  soae  ctn>  0 they  occur  (1)  and  (2),  moreover 
the  law  of  distribution  0(jr)  is  its  own,  then  either 

0(0)  = Oa-^lim  an  = ~ 


0(0)  = 1 lim  a„  = 0. 

n~*  • 
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Proof,  Let  us  first  of  all  note  that  it  cannot  be 

0<S»(0)<1. 

Actually,  with  x * 0 factors  /’,(«»*)  cease  to  depend  on  n and  in  view 
(2)  we  would  have 


.^(0)  - 1 for  i~  1.2, 


whence 


<25(0)  -lim/7>,(0j  = l, 


which  is  led  to  contradiction.  In  view  of  that  which  was  leaonstrated 
and  lenna  3,  it  suffices  to  show  the  incongruence  of  the 
relationship/ratios 


(0)  — 0 and  lim a.  = 0 


and  respectively 


$(°)  - 1 and  iimo„=oo. 


Let  us  assnne  that  they  occur  (1),  (2)  and  (8)  und  let  f be 
such,  that  O<0(?)<  l.in  view  (8)  we  have  f > 0.  Let  x > 3 be  any 
nuaber.  Beginning  froa  certain  n it  will  be 


I 


I 

I 
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0 ^ ^ -for* 

o„?<x  »>/;(«„£)</;(*)  . ***-1=1,2-,.;.,  n, 

but  in  view  (2) 

lim  F,(anX)  = 1 **fl  i = 1,  2, . . . , n, 

n-+  gd  " 

whence 

■for 

F,{x)=l  *m  /=1,  2 n. 

Since  the  latter  secure  with  any  x > 0,  with  any  the  natural  i an! 

h (/  < n)  1\  (a„b)  ~ hj 

whaaca  <T>(?)  = 1,  which  is  brought  k contradictory. 

Page  72. 


Analogously  Is  proven  the  second  part  of  the  leaaa.  lifter 
allowing  (9),  we  would  have  for  any  x < 0 

for  /=  1,2, n, 

whence  &(x)  = 0 for  any  x < 0 and,  in  view  tf-(0)  = i,  law  '!> u)  it  would  be 
improper. 


Leaaa  5.  If  the  law  of  distribution  <f>(x)  possesses  those  by 
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property,  that  with  certain  e(0  < a < 1)  there  is  nondecreasing 
function  ftW  such,  that  in  all  points  of  the  continuity  of  law  <J> (*J 
(respectively  #(“*))  occurs  the  equality 

*K«)  = *(•*)  •*(*),  (10) 

(respectively  that 

ft(x)  = 0(ux)  • (11 

ft(x)  = 0 for  *<0. 

(respectively  ft (x)  - 1 for  * > 0)  . 

Proof.  Let  U3  assuae  that  this  is  erroneous,  since  ft(x)  is 
continuous  to  the  left,  there  is  such  £ < 0,  that 

•©>*(!)>?» 

aoreover  is  continnoos  at  point  1.  After  allowing  !p||j=o,  we 
obtain  froa  (10)  ft (f)  = o,  which  is  iapossible.  After  allowing  ft  (|)>°. 
we  will  obtain  V'„(f)>i  that  it  is  also  iapossible,  since  lun  if>a(x)=l  and 

Jr— * ® 

ftW nondecreasing  function. 

The  second  part  of  the  lenna  is  proven  analogously. 

Leana  6.  If  the  law  of  distribution  $(*)  possesses  property  (10) 
[with  respect  to  l)  J and  there  are  such  x (x  >-•),  that  &(x)  = 0),  then 
anong  all  possible  V'.C*).  that  satisfy  (10)  [with  respect  to  (11)  ], 
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there  is  iistribution  function  y«(*)  such,  that  and  y- (-»•) 

simultaneously  they  are  converted  into  zero. 

Proof.  From  (10),  in  view  of  continuity  $(x)  to  the  left  and  on 
the  basis  of  lenna  5 it  follows  that  there  is  such  xs»  that  ®(x,)  = 0 

and  (D(x)>0  for  z>  x0.  Let  us  place 

n d)  ^ 

0 A'lH  xCjto, 

y.W  -■  — -,-ri  A™  x>x0. 


*(*) 


Key:  (1).  for. 


It  is  obvious,  so  that  which  was  determined  <pa(x)  satisfies  the 


condition  of  leaaa. 


The  second  part  of  the  lenna  is  proven  analogously. 
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Let  us  note  that  if  ®(*)>0  for  all  x,  then  such  y.W  can  not 

exist.  It  is  easy  to  check  that  the  law  of  the  distribution 

l 1 • . 

*»•  } 

(1  n.™  X>—  1, 

Key:  (1).  for. 


satisfies  condition  (11)  with  any  a(0  < a < 1),  that  which  is 
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determining  unambiguously  V'„ (*)  taking  the  fora 


*.(*>“ 


(D  ' i 

“ x < — - , 

r n>  ‘ i ° 

--  WJ 

1 nAH  x>— 1. 


Key:  ( 1)  . for. 

It  is  obvious,  V'„(*)  not  there  is  distribution  function. 

The  lemma  7.  If  lav  of  distribution  <r>(. x)  possesses  property  (1C) 
[with  respect  (to  11)  ],  then  among  all  possible  y.M.  that  satisfy 
(10),  [with  respect  (to  11)  ] exists  such,  which  (10)  [with  respect 
(to  11)]  occurs  for  all  x. 


Proof.  On  tha  basis  of  lemma  6,  we  can  be  bounded  to  the 
examination  of  those  values  x,  for  which  fl>(*)>0.  Let  xt  aad  x2  (x*  > 
xt)  any  two  numbers  ((D(x,)>0).  it  suffices  to  show  that 


(12) 


Actually,  let  us  take  any  £,  (£<*, <«?<*,)  such,  that  ^ and  i they 

4 n 

are  the  points  of  the  continuity  of  function  0>(*).ln  view  (10)  we  will 


ha  ve 
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Let  no*  $~*xlt  i-*xs.  since  <b{x)  is  continuous  to  the  left,  last/latter 
relation  skip/ratio  to  us  will  give  (12).  The  proof  of  the  second  part 
of  the  leaaa  is  carried  out  by  the  saae  way. 


Leaaa  8.  If  the  law  of  distribution  9(x)  possesses  those  by 
property,  that  for  certain  sequence  of  nunbers  «„(0  < c„  < l), 
striving  k 1,  there  are  nondecreasiag  functions  v^U)  such,  that  with 

any  natural  n and  any  x 

$(x)  = • V^*),  (13) 

[respectively  <p(*)  = &(a„x)  • ^(jcJJ.thea  for  any  a (0  < a < 1)  there  exists 
this  nondecreasing  function  </«(*).  that  for  all  x 

=</>(£)•  MO-  <14f 

[ respectively  <j>{x)  ■=  &(**) . 7o(.v)j. 

Page  74. 

Proof.  On  the  basis  of  leaaa  6,  we  can  be  bounded  to  the 
exaaination  of  those  values  x,  for  which  <f>(x)>0.  Proa  (13)  it  follows 
that  for  any  xt  aadx^(A-t>  xu  </>(jrj)>0)  with  any  natural  n 
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_ / jr , \ . I X.\ 

(PI-1)  </>-•) 

\uuJ  \an) 


or 


.lx j l 

©(*>)  ^ \g»/ 

(■:) 


© 


Since  a>  r 


an  substituting  into  last/latter  inequality  - 
instead  of  zt  and,  correspondingly,  x2  we  we  will  obtain 


and 


x. 


®(-\ 

\“»j 

lyCi) 

©(  -- 
\«»J 

i'*d) 

that  together  witk  the  previous  inequality  it  will  give 

*(a) 


'«y 


Analogously  discussing,  we  will  obtain  that  for  any  x.  inl*>  U,>xw 
<7>(Jr1)>0)1 


K 


ana  natural  n and  a 


<P(Xj)  ^ v“"_ 

4W  #(5) 


(15) 


On  the  other  hand,  it  is  not  difficult  to  show  thit  If  for 

certain  sequence  of  nuabers  '>m  a„=i,  that  for  an y «(0<<r<]) 

•H\«r 

it  is  possible  to  find  such  natural  nuabers  m=m  (a,  n),  we  ]imon=a. 


On  the  basis  of  this  observation  froa  (15)  we  obtain,  that  with 
any  -c(0<a<i)  occurs  the  inequality 


0(*,) 


-0(x2) 


i<- 


*(?) 


© 


(?) 


<!G) 
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■*!  (•*»  xi  i & (xi)  > 0), 

for  all  xt  and  /y  which  are  the  points  of  the  continuity  of 

function  #(“)• 

Page  75. 


On  the  basis  of  leana  7,  this  will  occur  also  for  any  x.  and 

*,(*»>*»  g(*.)>0)»J 

Let  us  assuae 


0 . for  those  x for  which  0(*)  = O. 

<Hx) 


for  reaaining  x. 


In  wiew  (16)  , so  that  which  was  determined  y„(*)  will,  obviously, 
satisfy  condition  (14).  Proof  of  the  second  part  of  tha  lanna  is 
carried  out  by  tha  sane  way. 

4.  Lat  us  pass  to  proof  of  forsulated  previously  theorens: 

i 

Proof  of  thaoren  1. 

Sufficiency.  Proa  (3),  on  the  basis  of  leaaa  5 it  follows  that 
there  is  such  x„  (x«>0),  that  0(.ro)  = O and  for  *>*„  <P(xj>0.  Oa  the  basis 
of  lesaa  5 . ( 0 

<f,(x)  = I -9cr,  x>xa, 
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Key:  (1).  for. 

Is  easy  to  check  that  for  any  x > x0  and  any  natural  < 0</<n)  i>("y?.v) -+o 
and  F,(cinx f)4=0. 
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Let  as  assuae 


m 

&*('*,*)  = JlK(a«*), 


(=t 


then  fior  all  x > x0 


&(*) 

0((iux) 


and,  in  view  limo(i=co,  will  be 

h-»od 


liin  (am  x)  = &(x) 

«-♦  OP 


for  all  x for  which  0(*)>O, 


On  the  other  hand,  froa  (17)  it  follows  that  F (a  x)  = 0 for  x< 
x0»  therefore,  fac  all  x it  occurs  (1).  Finally,  fcoa  (17)  is 
obtained  iaaediately  (2),  therefore,  0(r)  belongs  to  class  G,  and 
since  x0  0,  0(0)  = 0 and  0(*)  belongs  to  class  Ci  *• 


Let  as  note  that  froa  leaaas  7 and  8 it  follows  that  for 
eguipaent  with  class  it  suffices  to  reguire  so  that 
relationship/ratio  (3)  would  be  fulfillei  for  certain  saguence 

a.(0<"P<1V 

/\  approaching  1,  aoreover  it  is  sufficient  so  that  this  would  occur 


at  the  points  of  continuity  0(c). 
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Meed.  Let  us  assuae  that  the  law  of  distribution  <P(x)  belongs  to 
class  ^ + this  leans  that  is  aade  (1),  (2)  and  <P (0)  = 0.  Slice  each 
inproper  law  of  distribution  $(*),  which  belongs  to  class  + (i.e. 
such,  which  <P(0)  = 0),  satisfies  condition  (3),  we  can  to  *33uae  that  $(*) 
- its  own  law  of  distribution.  On  the  basis  of  lennas  2 and  4 


lima=  on  h lim = 1. 

an 


a therefore  we  can  substitute  into  confornity  to  each  iidex  n this 
another  index  m=m(a,  n),  that 


= o, 


(18) 


n-+*>  ttn4Jn 


where  a - any  nuaher  of  interval  (0.1).  Let  us  assuae 


u=\  > 


then 


0. 


n-f#n 


. ? 

{X)  = ff  F'  " gF<  (~-  • «»*)  *'  //  F,  (alt+mx) 

/rr=1  n * 7 


n+"»V*V  — 


n+i 


Let  us  designate 


n+m  * 

?>„,  „(*)=?  II  Ffan+mX), 
i=.+ J 


then  last/latter  relationship/ratio  is  rewritten  xn  the  fora 

' <19> 


1 


Page  77 
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On  the  basis  of  the  first  Hally  theorea,  there  is  this 

ihc,r 

subsequence  that  „,(*)  = </>.(*),  rm*  <pm(.x)~  certain  aoi deer  easing 

(liaited)  function.  Pros  (19),  in  view  (1),  (18)  and  leasts  1 we 
obtain,  that  in  all  points  of  the  continuity  of  the  las 

0(x)  = #(£)  ’ 

with  any  «(0<«<i).  Dn  the  basis  of  leaaa  7,  last/latter 
relationship/ratio  will  occur  with  any  x,  which  proves  need  (3). 

Let  us  note  that  on  the  basis  of  leaaa  6 it  is  necessary  that 
relationship/ratio  (3)  would  occur,  also,  when  </„(*),  as  tie  being 
distribution  function. 

Proof  of  theoren  2. 

for  all  x,  then. 


Key:  (1)  . for. 


Sufficiency.  Let  us  allow  first,  that  > 0 
in  view  (4) , 


fa(X)  = 


0(x) 

0(ax) 


(!) 

Ann  ■*<  , 

rn  « . 

Ann  Jr>^p 
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will  be  distribution  function  during  any  a(0  < a < 1».  Lat  us  assune 


3/LtJ^sn  with  any  natural  i 

L t+ly 


A.ia  x <— /, 


(° 

W = <f  , [(<-'  ’>*)  “ j • !W4*J>*1  al„  x>-i 


H-l 


IV’  i i ’ 

ii 


(«*) 


Key:  (1).  for. 


it  will  ba  also  distribution  function.  After  assuming  an- — — we  will 


n + 1 


obtain 


F,  (<*nx)  = <f  [(/+ 1 )»„x  ] 
/+> 


r/) 

A-m  * /(/I  + l), 


ZL>-«„+i>  «** 

(£) 


<T> 


Key:  (1).  for. 


Let  us  assuaa 


'?„(»«  *)  = llF,  (anX). 


Page  78. 


Since  for  any  x and  any  i(1  ^ i v<  n)  , beginning  with  cartiin  n , it 


J 
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will  be  x > -i(n  ♦ 1)  , beginning  with  certain  n. 


for  ill  i (1  </<n)  and  <T>n(anx)  = 


whence,  on  the  basis  of  continuity  condition  in  zero  and  of  leama  5, 
in  view  limnB  = 0,  we  we  obtain  (1).  From  (20)  it  is  obtained 

n-»  ob 

iaaediately  (1) , and  since,  in  view  of  continuity  condition  in  zero 
and  leana  5,  <P(0)=.l,  4>(x)  belongs  to  class  ^ . 


Let  us 
for  x > x0. 


allow  now,  which  exists  such  x0,  that  3>(j-o)  = 0 and<Z»(-*)>0 


In  view  of  leaaa  5, 

|° 

yJx)  - { W 

- I <D  {ax) 


x0  < 0 and  on  the  basis  of  leaaa  6 

f/>  . 

A.1H  X < A'O, 

ft) 

A-1H  x > Xo, 


Key:  (1).  for. 


will  be  distribution  function  during  any  a(0  < a < 1).  To  analogously 
previous,  after  assuaing  “=y^»a«  = ^rj’  we  we  obtain,  that 


fri(ai,x)  - <f  i_  K'+ 1)°/.-*] 
/ + ! 


Xo(n+l) 
x^  f+1  , 

1 x0(n  + l) 

X>-1+T~’ 


(21) 


Key:  (1).  for 
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it  will  be  distribution  function,  also,  for  any  x > x3  an!  any 
natural  i(l<i<n)  $(— 77W0  and  Ft(aux)  + 0.  Let  us  assume 

N/I"r  l7 

n , 

$u  (aux)  = ]1  F(  {anx), 

1=1 

then,  it  is  easy  to  check  that  for  all  x > x0 

(anx)  0 (a,Lx) 


and,  in  view  limaB=0,  on  the  basis  of  continuity  condition  in  zero  and 
of  lemma  5,  will  be  made  for  all  x > x0  (1). 


On  the  other  hand,  from  (21)  it  follows  that  Fn(anx)  = 0 for  x x„, 
it  consequently  for  all  x occurs  (1).  Prom  (21)  it  is  obtained 
directly  (2),  which  together  on  condition  of  continuity  ia  zero,  on 
the  basis  of  lemma  5,  proves  the  sufficiency  of  sign/criterion,  also, 
in  this  case. 

Page  79. 


Need.  Let  us  assume  that  distribution  function  £>(*>  belongs  to 
class  G i.e.,  they  occur  (1),  (2)  and  <P(0)=1.  since  eaca  improper 

law  of  distribution  <D(x),  which  belongs  to  class  G~  (i.e.  3uch,  which 

ff(0)  = D,/ 

f\  satisfies  the  conditions  of  theorem,  we  can  to  assume  that  <T>(*) 
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its  own  law  of  distribution.  On  the  basis  of  leaaas  2 ani  4 


lima„  = 0 and  ijm£5+i  _ , 
*-+»  a„  * 


a therefore  we  can  place  in  conformity  to  each  index  a tils  another 

index  m~ni(a,  n),  that 


lim  ?5±5 

"— «■  an 


(22> 


where  a is  any  nuaber  of  interval  (0.1).  To  analogously  previous, 
after  assuming 

0n  to  = JlF,(anx), 

i-i 


we  we  coaa  to  relationship/ratio  (19)  and  in  view  (22)  we  obtain  (4) 
Finally  froa  (4)  and  condition  (0)  = 1,  oa  the  basis  of  leaaa  5 we 
obtain  the  need  for  the  continuity  of  law  for  point  x = 0. 


The  observation,  done  by  us  in  the  proof  of  theorei  1 relative 
to  the  possibility  of  the  weakening  of  sufficient  conditions,  is 
applicable,  obviously,  and  to  theorea  2,  but  for  the  laws  of  the 
distribution  ft(x)  of  class  G\  which  are  converted  into  zero  at  end 
point,  it  is  possible  to  somewhat  amplify  the  necessary  condition, 
since  in  this  cast  it  is  necessary  that  relationship/ratio  (4)  would 
occur#l  also,  when  ifa{x),  as  the  being  distribution  function. 


DOC  - 77226300 


PAGE  26 


Proof  of  theorea  3. 

Since  the  laws  of  class  S~,  according  to  theoree  2,  ice 
continuous  in  poiat  x = 0,  first  assertion  of  theorea  sufficient  to 
deaonstrate  on  the  assuaption  that  000  belongs  the  kl.  to  class  £>* 
Actually,  if  <p(x ) class  Cnf  it  had  a discontinuity  /interruption  at 
point  x * 0,  then  there  would  be  such  an  a > 0,  which  for  any  x > 0 
would  be 

® (*)>«>  0, 

whence,  in  view  (3) , we  would  have 

lirn^OO  - lira  = 1, 


whence 


jf or  x > 0,  and  then  since  0 (0)  = 0,  to  0(.r)  = fU-). 


Let  us  allow  now,  that  the  second  assertion  of  theoraa  not  is 
correct  and  let  x0  will  be  the  point  of  the  discontinuity  of  law0(x), 
aoreover  0(ro)>O. 

Page  80. 

Let  us  allow  first,  which  </»(.y)  belongs  to  class  In  consequently 
x0  > 0 thare  is  3ach  aa  a > 0,  that  for  any  x > x0 

<r>(xo)+a<0U).  123) 
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Since  <I>(X)  is  continuous  to  the  left,  will  be  located  sash  £(0  < 5 < 


x0) that 


>1  ~a 


and  with  any  a (0  < a < 1)  it  will  be 

0(xo)  . 0® 

/ V ^ / * \ * 


*(?)•(!) 


Specifically,  when  « = — we  obtain 


0(s) 


and  in  view  (24) 


0C*L>l~tt.  (25) 

®(^) 

However,  since  ?<*.,  that  ^>*0  and  in  view  (23)  will  be 

<P(x„)+«<<Z>(^) 

or 

a’(f)  • <Kf) 

which  contradicts  (25). 

In  perfect  aaalogy  is  proven  the  case,  when  $(*>  belongs  to  class6* 
taking  into  account  that  x0  < 0,  since  for*>0  is  knowingly 
continuous. 
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. *{x) 


Let  us  note  the  following  interesting  fact:  whataver  was  the  law?1 
of  class  2 , the  Law 

«*)'=(!’ A $ 't' 

AJfn  X>a, 


Key:  (1).  for. 


where  a (any  real  nuaber)  also  belongs  to  class  G.  This  oaservation 
gives,  obviously,  rule  for  the  construction  disruptive  laws  of  class 

G. 


Page  81. 

Proof  of  theoree  4. 

Let  Q(x)  will  be  the  law  of  class  G and  let  us  assuaa  that  there 
are  such  I,  and  ?,  (£,>£,),  that 

0<<P(|1)  = ®(I1)<1.  • (26) 

Since  $(*)  belongs  to  class  G,  froe  this  it  follows  that$i*!i>0. 

Let  us  allow  first,  which  > f,  >0;  then  <J>(x)  belongs  to  class  G* 
and  occurs  (3)  with  any  o(0<o<l).After  assuaing  in  ( 3)  “ = ^ , x = fi,  we 


— ^ 
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will  obtain 

and  in  vinw  (26)  y„(? 0=1.  Since  ^(x)  nondecreasing  function,  a^>?„ 
also  ?«(«)*  L Substituting  in  (3)  * = S,=^,  ve  will  obtain 

a 

«cy-*(S0-y*.(5)’ 

whence 

*&  = *(%)  = *(  j)- 

Discissing  analogously,  we  cone  to  the  equality 

where  n is  any  natural  nunber.  But  lim-g=oo,  consequently 

lim<p(M=l 

n-*  od  \ a / 9 

whence  #('0=1,  which  contradicts  (26). 

After  assuaiag  thatf,<Ea<o  and  0(x)  belongs  to  class  6",  we, 
discussing  analogously,  let  us  arrive  at  the  relation 

0(?>)=0 

lima" = 0,  <P(0)  = 1 

where  n is  any  natural  nunber.  Since'"'*  ^ and  <P(*)  is 

continuous  at  poiat  i » 0,  <£(50  — 1,  which  also  contradicts  (26). 

Proof  of  theoren  5. 
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, <J'»  (x) 

Let  us  first  of  all  show  that  if  for  the  distribution  functions^ 
of  class  G .it  occurs  <5)  , then  <H(x)  there  is  also  class  G G 

Actually,  with  any  x and  any  a(0  < a < 1) 

'h  W - *u  ( xa  ) g?’  w £ or  n - 1 , 2, . . . 
where  </f^(x)  - ara  soae  nondecreasing  functions. 

Page  82. 

on  the  basis  of  the  first  Helly  theorea,  it  is  possible  to  find  this 
subsequence  («»},  that 

liin  (/["‘Hx)  = ip„(x), 

• n—*  oc 

where  yu(j ■)  there  is  also  certain  nondecreasing  functioa,  aoreover 

last/latter  relatLonship/ratio  will  occur  for  all  x,  with  any  «(0  < a 
< 1) . Thus,  in  wlaw  (5)  for  all  x with  any  a(0  < a < 1)  will  be 

<fi(x)  = ^ ) </«  <*)’ 

consequently,  d>(x)  there  is  a class  6» r> 

Analogously  it  is  proven,  which  if  for  the  distribution 
functions  of  class  G occurs  (5),  then  </*(*)  there  is  also  class  G , 


L 
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Let  bow  '/'„(*)  Bill  be  the  sequence  of  the  laws  of  the  listribution 
of  class  3 , lat  will  be  all  those  laws  of  the  distribution  of 

sequences  <M*).  which  belong  to  class  + and  respectively  4>~(x)  - G~.  At 
least  one  of  the  sequences  {o}  and  {»/  it  is  infinite  and,  in  view  of 
recently  that  which  was  demonstrated,  if  (v)  [respectively  {A}]  it  is 
infinite,  then  <0(*)  belongs  to  class  6^  (respectively  CD . 

On  the  other  hand,  since  classes  &\*  and  £>",  obviously,  do  not 
intersect,  of  (5)  it  follows  that  one  of  the  sequences  and  { s } it 
■ust  be  final,  which,  obviously,  proves  our  theorea. 

Proof  of  theorea  6. 

Let  iI>(k)  will  be  the  law  of  class  Gn  , and  x„  - the  nuaber,  which 
satisfies  the  relationship/ratios:  0(a-o)  = O and  <I>(x) > 0 f3r  * > x0. 

Let  us  show  first  of  all,  that  the  law  of  the  distrioution 

(*)  = '/>  (*-£), 

where  b is  any  positive  nuaber,  also  belongs  to  class  for  this, 

it  sufficas  to  snow  that  for  any  x and  y(x  ^ y > x0  ♦ b)  and  with  any 
a (0  < a < 1) 

j^(*)  ^'0/> 

<»'('-)  ®(a) 
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or 


*(x~b)  0(y-b) 


Let  as  assaas  that  with  soae  *,  > y,  > x0  ♦ b ana  certain  a,  (0 
< C 1)  is  fulfilled  the  inequality 


(27) 
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Since  <K*)  belongs  to  class  ^%uith  any  «(0<a<l) 

J*  (*i  ~ *»)  . <Kv, - b)  . 

specifically,  whaa  a =.  »in  be 

Jr,-atb 

> _*Jyt-b) 

^(~  ~b)  <T>  (28) 

1 l I 

(*i®ce  *ith  so  dateruined  a it  occurs  equality  ^ 

« ffj 

to  check  that  for  b > 0,  a,  - y,  > o,  0 < «,  < 1 »ill  be 

.V,  . ^ (.Vi-fc) 


It  is  easy 


in  view  of  which  froa  (28)  we  obtain 

tfOr.-ft)  9Uh~b) 

•(S-*)  *(?-») 
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which,  contradicts  (27) . 


On  the  other  hand,  if  #(*)  belongs  to  class  Gi 
also  belongs  to  class  6?4  with  any  a > 0,  conseguen 
distribution  •!>' (*)  = $(<«  — b)  such  belongs  to  class  G * 


I '/<(«*) 

than,  obviously, 
tly  tj»  law  of 
so  forth. 


The  proof  of  the  second  part  of  the  theoren  for  the  laws  of 
class  G 7 is  carried  out  by  the  sane  way;  condition  >r>{—b)=\ 
ensures  the  continuity  of  law  '/>'(*)  = <T>{ax~ b)  at  point  x - 3. 


Let  us  note  that  with  b of  negative  this  theoren,  generally 
speaking,  is  inaccurate,  as  is  evident  fron  the  following  examples: 


FAx)  = 


0 

x--\ 

1 


,a.iH  i, 

flAfl  1 < X < y 2 , F.  ( X ) = 
pjin  x>  V2, 


x 


(!) 


x<-  1, 


(/) 


*>“  1. 


Key:  (1).  for. 

It  is  not  difficult  to  check  that  Ft  (x)  (with  respact  P2(x)) 
belongs  to  class  6f  (respectively  <->'),  nevertheless  law  F*t(x)  * 

?t  (x-b)  [respectively  F*2(x)  = F2(x-b)]  with  any  negative  b to  class 
(respectively  G')  does  not  belong. 

r 

(the  proof  of  theoren  7. 
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Let  the  law  of  distribution  </'(.*)  belong  to  class  therefore, 

<T‘(x)=0>  } 


for  x 0 and  with  any  a(0  < a < 1)  there  is  this  nondecreasing 
function  </„(v),  which  for  all  x occurs  (3). 

Page  84. 

Since  according  to  condition  according  to  theoren  3,  'H')  it 

is  continuous  at  point  x * 0,  whence 

W(  \ \ 'P  ( " ~)  x < °’ 

®W  = | ' x/  ci) 

( 1 fl-lH  Jf>0, 

Key:  (1).  for. 

will  be  the  law  of  distribution  corresponding  to  law  #(*).  tn  order  to 
show  that  $(x)  belongs  to  class  let  us  note  that  if  to  place 


<M*) 


Key:  (1).  for. 


! 1 RJIU  JT>0, 


that  (f,u(x)  will  be  also  the  nondecreasing  function,  sines  according  to 
lenna  6 wn  can  to  assune  that  v«W  and  #(■*)  simultaneously  they  are 
converted  into  zero. 
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But  in  viaw  ( 3)  , with  any  x 

4(x)  = d>(ax)  • <faP), 

a since  our  transf oraation  retains  continuity  in  zero,  0(jc)  belongs  to 
class  (.9  / 

The  second  part  of  the  theoren  is  proven  analogously. 

In  conclusion  I express  deep  appreciation  to  ny  laaisr  B.  V. 
Bedenko  for  tlis  setting  of  problen  and  aanagenent/nanual  during  its 
solution. 
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